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Abstract

This report presentsa methodto jointly estimatephaseand datafrom a convolutionally codedBinary
Phase-ShifKeying (BPSK) signalwith randomphasenoiseand Additive White GaussiarNoise (AWGN).
Thejoint receiver-decodesuccessfullydecodedully suppressedarriersignalsin harshphasenoiseerviron-
ments. A completedescriptionis given of the softwareimplementationjncluding the generatiorof statisti-
cally accuratgphasenoisesamples Numericalresultsaregivenfor the NASA standard’7,1/2) corvolutional
codeandfrequeng flickerdominatedbhasenoise.For phasenoiselevelsof -10.58,-1.55and7.48dB rad?/Hz
atal Hz offset,adatarateof 40bps,anda Bit Error Rate(BER) of 0.01,thejoint receverdecodesares3 to
4.25dB of poweroveranonjointapproach.

1 Intr oduction

This reportpresentsa methodto performphase-trackingand datadecodingof a corvolutionally codedBPSK
signalcorruptedoy randomphasenoiseandAWGN. Currentreceversanddecodersaccomplisithesetwo tasks
in anisolated manner:therecever performsphase-trackingndthedecodeproduceshedecodediatasequence.
Thesolecommunicatiorbetweerthe conventionalrecever anddecodeiis via a sequencef soft symbolsatthe
outputof therecever. In contrastthe techniquegivenin this reportestimateshe phaseanddatajointly, which
improvesboththe phasesstimateandthe decodediatasequence.

Someamountof optimality canbe claimedfor the isolated-blocksarchitecturebecausehe phasetracking
loop is motivated by the Maximum A Posteriori(MAP) estimate,and a Viterbi decoderalso gives the MAP
estimateof thebits. However, theoptimality of thephasdrackingloopis basedntheassumptionhattransmitted
symbolsareindependentandthe optimality of the Viterbi decodeis basednassumptionsf perfecttiming and
phasesynchronizationNeitherassumptions true,especiallyin the high phasenoiseernvironmentsthatoccurat
low datarates.

In theseharshcasesit is possibleto improve systemperformanceavith anintegratedarchitecturghatjointly
tracksphaseanddecodedata. The phasetracker cantake adwantageof the structureof the channelcode,and

the decodercantake advantageof improved tracking capability Furtherimprovementsmight alsobe obtained



Tablel: Propertieof variousphasdrackingloops.

Makesuseof Performance Makesuseof
Canoperate carrierinfo in canbe I\/Iakes.us.e (.)f a underlying
withoutresidual modulation maximized posterlc_J_rl_blt errorcorrecting
carrier . without SNR probabilities
sidebands . code
estimate
PLL No No Yes No No
Integrate/Dumgdoop Yes Yes No No No
Squaringoop Yes Yes No* No No
Costadoop Yes Yes No* No No
Decision-directedoop Yes Yes No* Yes No
Jointrecever-decoder Yes Yes Yes Yes Yes

* |dealfilter coeficientsdependon SNR,but performances ofteninsensitve to SNRmismatch.

by moving the externalsymbolsynchronizatiorblock into thejoint receverdecoder This reportdoesnottackle
thisissue andassumegerfecttiming.

Eachof thevariouscornventionalrecever phase-trackingpopsutilizesslightly differentamountf informa-
tion from the modulationsideband$LS73], summarizedn Tablel. Technically the decision-directedbop can
beviewedasajoint receverdecoderbecausdt estimatedoth phaseanddata,but its feedbackis a sequencef
memorylesssymbol-by-symbotiecisionsvith no operationalependencenthetheunderlyingerrorcorrecting
code. The otherloopsoperatewithout makingary datadecisionsat all: a phase-loc&dloop (PLL) requiresan
unmodulatedesidualcarriersignal,the MAP-basedntegrate-and-dumpoops averagethe phaseestimateover
the“unknown” data,andthe squaringand Costadoopsnullify the modulationin the sidebanddy squaring(or
effectively squaring}hesignal.

Thejoint receverdecodeusesatrellis-basedlgorithmto jointly estimateahephaseanddata.Corresponding
to eachstateof thetrellis is a hypothesizedlatasequencéeadingto that state,and also a hypothesized phase
estimate conditioned on that data sequence. This conditioningis the key adwvantageover the otherloops. When
conditionedon the correctdatapath,the phaseestimateperformanceof arny loop of the type describedabore is
the sameasfor a pilot tonewith no datamodulation. Furthermorethe phaseestimatecan be updatedone or
moretimesper symbol;thereis no requirementhatthe phaseremainconstanthroughouthe constrainiength
of thecode.As aresult,thejoint receverdecodeffersthe potentialto operateon asuppressedarriersignalin
phasenoiseregionstoo harshfor a corventionalrecever anddecoderandto do sowithoutincurringa squaring

losstypified by loopsthatremose modulationby squaringthe signal.



2 Preliminaries

2.1 The signalmodel

We considera noiselesseceved signalof theform
S(t) = Asinfuxt + 6(t) + Bm(t)], 1)

wheref(t) is therandomlyvarying phase g is the carrierfrequeng, 3 is the modindex or modangle,m(t) =
S kCkp(t —KT) is thecorvolutionally encodedvaveform,c, € {—1,+1}, andp(t) is arectangulapulseof length
T. We do not considersubcarriermodulationin this report. Note thatwhen 3 = 11/2 the signalingis antipodal,

reducingto anordinarysuppressedarrierBPSKsignal. Thetotal recevedsignalis

r(t) = s(t) +n(t),
wheren(t) isan AWGN processwith one-sidecgpower spectradensityNo.

2.1.1 Complexbaseband

For corveniencewe work primarily in complex basebandyy definingin the usualway s(t) £ Re[§(t)el!] and

n(t) £ Reffi(t)el®!]. UsingthesedefinitionsandEq. (1), we have

§t) = —jAelleO+BmO] )
At) = ne(t)+jns(t), and
Fit) = §(t)+A(t).

In thisrepresentatiorthenoisecomponentsi(t) andns(t) areindependenivhite Gaussiamoiseprocessewith
one-sidedower spectraldensityS,. (f) = S, (f) = 2No. For thecomplex basebandignals theinnerproductis
definedoy (x,y) = [+ x(t)y(t)*dt, where* denoteghe complex conjugate Also, [|x||2 £ (x,x) = [7 x(t)x(t)*dt =
Jr Ix(t) et
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Figurel: A matchedilter samplecbncepersymbol.

2.1.2 Conversionto discrete-time

A sampledsystemis used. A MatchedFilter (MF) at the front-endof the recever hasa continuous-timeénput
andproducesdiscrete-timeoutputusedby thetrackingloops,which areimplementedigitally.

The continuous-timaeceved signalf(t) = §(t) + fi(t) is theinputto a complex MF, asshavn in Fig. 1 Let
%(t) = — jA denotethe signal§(t) with no modulationor phaseoffset present.The outputof the MF for the kth

transmittedsymbolis

kT . KT .
(F,%) = / F(t) jAdt = A2eiBo / Mgt 4 N, @3)
(k=1)T (k=1)T

whereN = Nr+ jN;, andwhereNg, N, eachhave a distribution of N(0,NoA?T). Becausea rectangulaipulse
shapes usedthe MF doesnothingmorethanintegrateanddump.
2.2 The channelcode

The codedbits {cy} areobtainedfrom an uncodedinformation stream{ax} by the standardNASA rate 1/2,

constrainiength7 corvolutional codeshavn in Fig. 2. This is the corvolutional codewith generatorg133)o«

Figure2: NASA standard7,1/2)corvolutional code.



and(171)q, wherethe mostsignificantbit represent®b, i.e.,
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We have strivento be consistentith theliterature but thereareothersthatusedifferentoctal representationtor

generatorsFor example,in [LC83] theleast significantbit represent®®.

2.3 The maximum lik elihood (ML) recever

The joint Maximum Likelihood (ML) estimatefor the kth bit of an uncodedsignalandthe unknavn phaseis
givenby

(", 8(t)) £ arg max p(r (t)[6(t), c).
C,B(t)

Usinga Karhunen-Loee expansiorfor r(t), it follows (seee.g.,[Pro95,page335] or [Sim97]) that

_ KT
P ©l6(0).0) =Cep| - [ (r(0)—st)’ck).
or in comple baseband,
-1, .
Pr(0]6.00 =Cexp | 217517 @

Eq. (4) is referredto asthelikelihood function. Expanding,
IF =8> = (F— & F — § = ||F||* — 2Re(F, ) +[|5]*. ()

Plugging(5) into (4), takingthelogarithm,anddiscardingermswhich do do not dependon ¢k, we have thejoint

ML estimateof the phaseanddata

(&%, 8(tM") = arg maxRe(f, §). (6)
Ci,0(t)

The maximumcan be found by computing(f,8) underdifferenthypothesegor ¢y and6(t) and choosingthe

maximum.Thisis accomplishedh practiceby conditioningon avaluec first, andusingthebestresultingphase



estimateunderthathypothesis.

2.3.1 Singlesampleper symbolrecever

For the kth symbolandhypothesizeghased(t) anddatacy, we have hypothesizesignals(t) = &elPO+8ad. |f
thetruephased(t) doesnotsignificantlyvary over asinglesymbolepochwe maywrite 8 2 6(t) for (k—1)T <

t < kT andthus

7,9 = e lBBad(r g (7)

= AT exp|— j(Bk — Bi) + B(ck — &))] + Ne 1Bt 8)

may be usedin Eq. (6) to determinethe ML estimates.Eq. (7) demonstrateshat the MF output (f,%) is a

sufficient statisticfor ML detection.

2.3.2 Multiple samplesper symbolrecever

If B(t) variessignificantly over the symbol epoch,then estimatingthe phaseonceper symbolcanresultin a
poorly performingrecever. To solve the problemwe may samplethe outputof the MF m > 1 timesduringthe
integratinginterval, and computea phaseestimatemorethanonceper symbol. We choosem suficiently large
sothatB(t) may be approximatedasa constant[i] within theith intenal of the kth symbol. Theith discrete

sampleof the kth symbolat the outputof the MF is denotedoy

t14+T/m 2T
ndil 2 [ rOB()d = S elb ) (©)

1

wheret; = (k— 1+ (i/m)) T, andN]i] containsindependentealandimaginarycomponent@achGaussiarand

with varianceNoA?T /m). Thus,for amultiple samplespersymbolsystem,

m—1 p2

; % explj (Bli] — Bili] + B(ok — 6))] + NiliJe 1O1+%)  (10)

m-1 .
7,8 =Y ryfije 1 Olil+Re) —
2

which canbe pluggedinto Eq. (6) to obtainthe ML phaseanddataestimatesNotethatEq. (10)is identicalto
Eq.(7) in thecaseof m= 1, in which caser[0] = (F, %) andNy[0] = N.



3 PhaseNoise

This sectiondescribes phasenoisemodelrepresentate of real oscillators,andanefficient methodto simulate

the phasenoiseprocess.

3.1 PhasenoisePSD

Theone-sided®SDof oscillatorphasds oftenmodeledas[Gag95]

S |
SH=5+z+S ract/Hz. (12)
The S/ 3 termis calledfrequeny flicker noise,the S/ f? termis white frequeng noise,andthe § termis
white phasenoise.If S3 > 0or S > 0, thenthis modelimpliesthatthe power of thesignalis infinite, evenwithin
a smallbandaboutthe zerofrequenyg: 5 S(f)df = . To avoid this problem,in this reportit is assumedhat
themodelabore is accurateonly for frequenciesbore somelower frequenyg fi.

Oscillatorphasenoisecharacteristicarealsocommonlyspecifiedby L( f), which is definedastheratio of
the phasenoisepower in a sidebandf bandwidthl Hz to the total signalpower, at an offsetof f Hz from the

carrierfrequeng. Thenormalizedphasenoisepower L(f) is relatedto S(f) in thefollowing way [HSR73]:
L(f) =~ 10log,, (?) . (12)
SeeAppendixA for a moredetaileddiscussiorof this approximation.Eq. (12) is only valid for smalllevels of
noise;however, Eq. (12) is often treatedasa definition, andit will be usedassuchin this report. The units of

L(f) aredBc/Hz,or dB rad/Hz.

3.2 Computer generationof phasenoise

The numericalresultsin this reportarebasedon simulationsusingfrequeng flicker dominatedohasenoise,in
which all coeficientsin Eq. (11) weresetto zeroexceptSs, which is scaledto the desiredvalue. For example,
to achieve “-13 dB racP/Hz at 1 Hz offset] we have §(f) = S/ f2 andsetS; sothat10log,o(S(f)/2) = —13dB
rack/Hz at f = 1 Hz. In thisexample,S; = 13 x 2 x 1071310, or 0.1002. Thisis representatk of thephasenoise
seenon the CassiniAux Osc[Mak94].

A C programwasusedto simulatethe phasenoise. The programallows specificationS(f) in the form of
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Figure3: Measured®SD’ of 100,000computemgenerateghhasenoisesamplescomparedo the desiredPSD’s
S(f) ~1/f3 andS(f) ~ 1/f2.

Eq. (11), andgeneratephasesamples.The theoreticalbasisandimplementatiorof this programis discussed
in AppendixB. Fig. 3 shavs the measuredpectraldensityof computergenerategphasenoisesamplesfor two
cases.In bothcases;20 dB rad?/Hz ata 1 Hz offsetwasdesired.In onecase the phasenoisewasassumedo
be dominatedoy frequeny flicker noiseS( f) = S3/ 3, andin the otherby white frequeng noiseS(f) = S,/ 2.
Notethe30and20 dB perdecadeslopesyespectiely. The computergenerateghhasesamplesaccuratelyfollow
thedesiredspectrundown to -100dBc¢/Hz.

Alternatively, the programcanalso calibratethe phasenoiseby scalingS(f) suchthatthe varianceof the
innovationssequence,e., theincrementalariancebetweernphasesamplesis a givenvalue. This allows com-

parisonto previousresultsiHam98a]thatusea Gauss-Mar&v procesdor the phasenoise.



4 The Joint Recever-Decoder

In acorventionalrecever, incomingsamplegrom a matchedilter arefed into asinglephaseecorery loop, and
theninto a correlatorfor eachof the hypothesizediatavalues,-1 and+1. In a convolutionally codedsystemthe
recever outputsareusedaspartialbranchmetricson ary branchhaving thegivendatahypothesisThisis shavn
in Fig. 4.

By contrastthe joint recever-decoderusesPer Survivor ProcessindPSP)phasetrackingwithin a Viterbi
decoderasshavn in Fig. 5. The PSPapproachavoids averagingover unknavn data,doesnotincur a squaring
loss,andallows for phaseestimateupdatesoneor moretimespersymbol. It involvescomputingaphaseestimate
at eachstatein the Viterbi trellis, taking full advantageof the strengthof the codein performinga strongtype
of data-aidedhasetracking. The methodis not the maximumlik elihood estimator becausehe estimatesand
dataarecoupled,andthe Viterbi algorithmexcludescertaindatasequencedyowever, it shouldexhibit superior
performanceover uncoupledmethods. For a generalexplanationof Viterbi decodingof corvolutional codes,
seg[Pro95];for PSR see[RPT95].

Hereis how it works. At eachstatein thetrellis, the Viterbi decoderstoresan associatedhypothesizediata
sequenceaccordingto the surviving pathto thatstate, asusual. This hypothesizedlatasequenceanbe usedto
unmodulatehesignal. If the hypothesizedlatasequencés the correctone,thenthe data-wipedsignalis a CW
signalwith phasenoiseandAWGN, trackableby a PLL or otherloopin the usualway.

For eachincorrectsurviving path,the phaseestimatemight not be accurateandindeedmay be significantly
worsethana phasetraclker basedon averagingover unknavn data. For the true datapath, however, the phase
estimatewill bebetter Furthermorethephaseestimateat eachstaterequiresno decodingdelay soupdategrom
onetrellis stateto the next cantrackphaseshatvary someavhatrapidly.

A secondand significantbenefitof the approachis that the data-wipedsignal is never squared thereby

avoiding the“squaringloss” normally associatedvith trackingsuppressedarriersignals.

4.1 Phaseestimation

In principle,ary phasetrackingmethodthatcanbe usedfor a CW signalcanbe usedwithin the joint recever
decoderBecausanultiple instance®f thetracker arerequired thereis a compleity limitation. Mostloopsare
simpleenoughthatthisis nota problem,however. In thefollowing sectionsve describeheimplementatiorof a

PLL, anopenloop MAP phaseestimatoranda Kalmanfilter estimator
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41.1 PLL

The phaseerrorvariance(meansquaredphaseerror, in radiang) of the PLL is given by the sumof the variance
dueto thermalnoiseandthe variancedueto the phasenoise. Underthe assumptiorthatthe data-wipehasbeen
performedcorrectly the suppressedarriersignalbecomes CW signalwith carrierpowver equalto the original

total signalpower B;.. Thus,the phaseerrorvariancedueto thermalnoiseis given by

2 oL aBNo _ BL
AWGN ™ o = B~ Ry(Ep/No)’

wherep, istheloop SNR, Ry is thedatarate,andB_ is theloop bandwidth.Thethermalnoisetermis increasing
in B, which representshefactthatopeningup theloop bandwidthletsin morenoisepower to theloop.

Thephaseerrorvariancedueto the phasenoiseis given by [Kin96]

Géhase—nois§ /0 S(f)|1—H(f)*df.

For a secondorderunderdampedPLL trackingof frequeng flicker dominatedhoise,this hasbeenshawvn to be
accuratelyapproximatedby Géhase—noise: kSz/B? [Kin96], with k= 8.7. Thephasenoisetermis decreasingn
B., indicatingthatopeningtheloop bandwidthallows oneto bettertrackthedynamicsof the phasenoise.As can
be seenfrom Fig. 6, the approximationgreextremelyaccurateghroughouthe entirerangeof loop bandwidths.
A discrepang baginsto appeatastheloop bandwidthapproachethe Nyquistrate,asaliasingbeginsto occur

Thetotal phaseerrorvariances givenby

B kS
24 2 2 - L
% = FAWGN T Ophase-nois& Ry (E,/No) * B2 (13)
The optimalloop bandwidthcanbe foundby differentiatingEq. (13) andsolvingfor B . This gives
BI™ & (2RgkSsE/No) /3. (14)

This optimalloop bandwidthis shavn in Fig. 7, for a datarateof 40bpsandphasenoiselevelsconsideredn the

numericportionsof thereport.

11
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4.1.2 MAP estimation

The classicalderivation of the MAP estimateof the phaseassumeshatthe datais unknavn. Thus,the estimate
involves an averagingover the two possibilitiesof the data,—1 and+1. Whenknown datais hypothesizeda
nev MAP phasesstimateemepes.

We now derive the MAP phaseestimatefollowing the generalapproactof [LS73], but accountingfor data
which is now hypotheticallyknown. Begin by assuminghatthe valueof 6(t) remainsconstanover a periodof
K bits, K > 1. The MAP phaseestimateis that value of 8 that maximizesthe conditionaldensity p(8]r(t), c),
wherec = (cy,...,Ck—1). UsingBayesrule,

_ P(Blc)p(r(t)|6,0)

PO = "o

We reasonablyassumehat® andc areindependenandthat8 is uniformly distributedin [0, 2mT), andthus p(6|c)
andp(r(t)|c) areindependentf 6. Hence the MAP estimates givenby

VAP — arg maxp(r (t)|6,c).

Thatis, the MAP estimatds the sameasthe ML estimate Following theanalysisn Section2.3,it follows that

OMAP — ag maxRe(f,$). (15)
In atypicalimplementationjn which § is not completelydeterminecdecause is unknavn, the MAP esti-
mateis obtainedfrom Eq. (15) by averagingover the possiblevaluesof c. Whenoperatingwith 3 = 11/2 and

equiprobablesignals,it canbe shavn [Pro95,page351] thatthis resultsin aMAP estimateof

kT

K
gMAP argmaxZInCOSh[%/
® & (

r(t)coqwet + e)dt] , In passbandotation
No J(k-1)T

K KT

A . i , .

= amg maxz In cosh[—l m r(t)e"edt] , in complex basebandiotation
8 & No J-T

Notethatthis estimatedoesnot containa referenceo the datavectorc. Also, it requiresan externalestimateof
the SNR,andthe agmaxmay have to beaccomplishedy choosingamongmultiple correlatoroutputs.

In contrastthe PSPMAP estimatds givenby substitutinga hypothesized(t) into Eq. (2) andthenEg. (15),

13



which gives

R KT

84" = agmanRe / F(t) exp[— (8 — T/2+ Bri(t))] dt. (16)

0
A necessargonditionfor achiezing the maximumis thatthe derivative of (16) with respecto 8 is zero,i.e.,
KT .
Re/ F(t)(—]) exp [ j(BMAP — 1/2-+ Bi(t))] dt = 0.
0

After afew linesof simplificationvia trigonometricformulaswe obtain

—tan !

OMAP = (17)

Re [T F(t)e 1Pt
Im [XTF(t)e-1BMOdt |

This PSPMAP estimateshouldresultin improved tracking becauset is conditionedon a hypothesizedlata
sequencegoesnot requirean externalestimateof SNR,andcanbeimplementedexactly with a singlecomplex

basebandorrelator

4.1.3 Kalman filter estimation

TheMAP phaseestimatorof theprevioussectiongivesthebestperformancgossiblewvith anobserationinterval
of K bits, under the assumption that the phase is constant within that interval. However, we aremostinterested
in improving recever performancdor rapidly varying phasenoisecasesjn which the phasecanbe viewed as
constantfor only very shortintenals. Trackingloopsor filters have the potentialto do betterthana one-shot
MAP estimateaf they areableto male effective useof anobsenrationintenal longerthanthatin whichthe phase
may be accuratelyassumedo be constant.

Onesuchmethodis a Kalmanfilter, which givesoptimal MSE trackingperformancevhenthe obserableis
linearin the phaseerrorandthethe phasevariesaccordingio a Gauss-Mar&v randomsequenceln this model,
thephasas constantvithin asinglecodevord interval (two bits, for the(7,1/2)code)andbetweerthesentenals

variesaccordingto
Bkt1 = Bk + Uy, (18)

whereBy = 8(2kT) andwhereU;,U,, ... arei.i.d. zero-mearGaussiarrandomvariableswith varianceog. As-

14



sumingknown dataandthatthe obserableis theimaginarypartof the correlationoutputin (9), exceptthatwe

arenow integratingover two bits,
Yic = 2AT sin(B — Byk_1) + Vk ~ 2A7T (8 — B) + Vi, (19)

whereék|k_1 is the estimateof 8, computedirom obserablesYs,... ,Yk_1, andwhereVy,V,,... arei.i.d. zero-
meanGaussiamandomvariableswith variance2NgAT andareindependentf Uq,U,,.... Thegoalis to deter

minethefollowing quantities:

Ok 2 E[Bk|Yi,...,Yd
Okigk 2 E[BkilY,... .Y
Siker 2 Var(B|Y,..., Yie1)

Sk 2 var(@Yi,..., Yi).

By the orthogonalityprinciple, ék|k as definedabose minimizesthe mean-squareeérror E||6 — ék|k||2. The

solutionis givenby (seee.g.,[Po088,page292-293])

- ~ 2k—1Yk
0 = B
Kk k-1 2A2Tzk|k,1+No
Bk = Ok
s _ 2y k—1No
Kk T 2AT R 1+ No
Sk = Zuk+ 03,

with theinitialization 8,9 = E[61] = 1t (assuming; is uniformon [0, 2m) andZyo = Var[6?] = o3.

5 Nonjoint recever-decoderperformance

The performancef a nonjointphaserackinganddecodingsystemwould be quite badfor a suppressedarrier
signalin ahigh phasenoiseervironment,andwouldresultin alopsidedcomparisorto thejoint recever-decoder
However, usingthesametotal powvertheperformancef anonjointsystencanbeimprovedby reallocatingoower

to aresidualcarrier

15



Theamountof powerto reallocateo theresidualcarrieris choserasthatwhich minimizesthebit errorrate,

givenby [Kin96]

2 /2
b / /2 (_COSZCP) Pol@)do= /_n/z (RNS Igde cos’ <P) Po(®)de, (20)

wheref(-) is thebaselineBER vs. E,/Np performancavhenthephasds known exactly, py(®) is the probability

densityfunctionof the phaseerror@ givenby

Po(®) = ol <T/2, (21)

/2 ’
f i[/zexp (C05'~|J> qu
and oé is the phaseerror varianceof the recever. Assumingthata subcarrieris usedto move the modulation
sidebandsway from the residualcarrier anda secondorderunderdampedPLL is usedto track the frequeng
flicker dominatedohasethe phaseerrorvariances givenby

BLNp kS

=oawGN+ cyphase nois&” p Rsi?p + Ea (22)

with k= 8.7. If sidebandlataaidingis usedthephasesrrorvariancemaybelower, but we shallnot considetthis
casein this report. Theloop bandwidthB, is optimizedby takingthe dervative of Eq. (22) w.r.t. B andsetting

it equalto zero,which gives
B = (2kS3(sin’ B)Rt/No) 2. (23)

After plugging Eg. (23) into Eqg. (22), andthen Eq. (21) andfinally Eq. (20), the error rateis expressedas a

function

Po = Pu(R/(NoRa), B).-

ForafixedPR /(NoRy), the3 whichminimizesh, is declaredheoptimalmodulationindex, andtheresultingBER
performanceandphaseerrorvariancearereported.
Themethodabore is essentiallythe methodusedby [Sha95],approachedrom anothedirection.In [Sha95],

theminimumP; /Ny is foundfor a givenRy andfixederrorrate.
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6 Performance Simulations

The joint recever decodemwith PLL phasetrackingwasimplementedn C. For eachdatapoint, 10,000errors
or 10,000,000nformation bits were simulated whichever camefirst. To simplify the simulations we assume
perfecttiming synchronizationno pulsespreadingand AWGN. The decisionstatisticsareoutputsof a MF im-
plementedn complex basebandasin Eq. (9). Soft-decisiordecodings used.Coarsesoft-decisiorguantization
moretypical of thehigh speedDSN receverswill performslightly worse.Fig. 2 lists the parametersisedin the
simulations.The nonjointresultsarefrom a spreadshegSha99],usingthe methodin Section5.

Time constraintdid not allow simulationsfor the Kalmanfilter or MAP algorithms,which areexpectedto
performaboutthe sameor slightly worsethanthe PLL.

Fig.s8-10 shav BER performanceand phaseerror varianceperformancegor phasenoiselevels of -10.58,
-1.55,and 7.48 dB racf/Hz, respectiely. Loosely speakingtheserepresenharsh,very harsh,and extremely
harshphasenoiseervironments.

Becausea Reed-Solomomutercodeis usuallyusedwith the inner NASA standard7,1/2) code,the BER
region of interestis in the vicinity of 10~ to 10~1. For example,whenusinga RS(255,223putercode,a bit
errorrateof 0.01from the innercodewill resultin anend-to-endBER of lessthan10-. As canbe seenfrom
Fig.s8-10,thejoint receverdecodersares3 dB, 3 dB, and4.25dB ata BER of 0.01andphasenoiselevels of
-10.58,-1.55,and7.48dB racf/Hz, respectiely.

The phaseerror variancefor the joint and nonjoint receverdecodersare shavn in Fig.s 8(b), 9(b), and
10(b). The performanceof the nonjoint recever is a function of the carrierpower to noiseratio, P;/No. The
flat region is onein which P;/Np is constanta consequencef the requirementhataloop SNR of 10 dB must
be maintainedSha99]. In Fig. 8(b), we seethatat about4 dB, all power in the nonjoint systemis devotedto
thecarrier i.e., R = P.. Thejoint receverdecoderoperateon a suppressedarriersignal (P; = 0), andslowly
approachetheperformancef a CW signalask /(NgRy) increases.

As canalsobe seenin Fig.s8(a), 9(a), and 10(a), the gain of the joint approachover a nonjointapproach
decreaseasP/(NgRg) increases.The reasonfor this is unknavn, but may possiblybe the way in which the
PLL for thejoint receiver-decodetis implemented Two approachewereusedonein which phasesamplesvere
generatednceper symbol,andonein which the phasesamplesveregeneratedour timespersymbol. For the
multiple samplegpersymbolcasethejoint receverdecoderalsoproducedhaseupdatesour timespersymbol.
For a phasenoiselevel of —10.58 dB racP/Hz andlow SNR,the multiple updategpersymbolwasslightly worse

thana singleupdateper symbol,representinghe factthatthe PLL is trackingfluctuationsdueto AWGN, not
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Table2: Parametersisedin the high phase-nois8PSK simulations

Encodemarameters:
Code: Corvolutional
Constrainiength: 7
Coderate: 1/2
Generatopolynomials: 133171 (D°=Isb)
Numberof trellis states: 64
Differentialencoding: Yes
Modulationparameters:
Amplitude: 1.000000
Bit period(codedbit): 0.012500sec
Datarate: 40bps
Carrierfrequeng: OHz
Initial carrierphase: 0.000000radians

Mod index (angle):

1.570796adians(90 degrees)

Pulseshape: Rectangular
Channelparameters:
Channelype: AWGN
Eb/No: 1-15dB
Phasenoise:
Type: Frequeng flicker dominated

PSD(1-sided):
Incrementvariance:
Pawverat 1 Hz offset:
Phasestoredmodulo2rt
Lengthof phasdilter:
Samplegpercodebit:

0.175K3, 1.4/f3, 11.2/f3 racf/Hz
5.30e-044.24e-033.39e-02b/w samples)
-10.58,-1.55,7.48dB rad?/Hz

Yes

4096

1,4 (Fs=80o0r 320)

Recever/decodeparameters:
Phasdrackingmethod:
PLL loop bandwidth:
Decodingdelay:

Second-ordestandardunderdampe®LL
5-60Hz (optimizedby Eq. (14)
100

Numberof errorsto simulate:

10,000,0r 10 million bits
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Figure8: Comparisorof (a) BER performanceand(b) phaseerror performancefor joint andnonjointrecever-

decodersyhenthe phasenoiselevel is -10.58dB rad?/Hz at 1Hz offset. The known phaseandjoint recever

decodercurvesarefor a suppressedarriersignal,wherePR, /(NoR4) = Ep/No. Thenonjointrecever operate®n
a signalof the sametotal power, afractionof which s allocatedto a residualcarrierin a mannerthatoptimizes
BERvs R /No performance.
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Figure9: Comparisorof (a) BER performanceand(b) phaseerror performancefor joint andnonjointrecever
decodersyhenthe phasenoiselevel is -1.55dB rad?/Hz at 1Hz offset. The known phaseand joint recever
decodercurvesarefor a suppressedarriersignal,wherePR, /(NoR4) = Ep/No. Thenonjointrecever operate®n
a signalof the sametotal power, afractionof which s allocatedto a residualcarrierin a mannerthatoptimizes
BERvs R /No performance.
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Figure10: Comparisorof (a) BER performanceand(b) phasesrrorperformancefor joint andnonjointrecever
decoderswhenthe phasenoiselevel is 7.48 dB racf/Hz at 1Hz offset. The known phaseand joint recever
decodercurvesarefor a suppressedarriersignal,wherePR, /(NoR4) = Ep/No. Thenonjointrecever operate®n
a signalof the sametotal power, afractionof which s allocatedto a residualcarrierin a mannerthatoptimizes
BERvs R /No performance.
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Figure 11: Comparisonof joint receverdecoderphasetrackingfor one and four phaseestimateupdatesper
symbol. For low R /(NoRy), more updatesper symbolresultsin tracking of unwanted AWGN effects on the
obsered phasewhile for high R /(NoRy) it resultsin bettertrackingof thetruephase.

true phasechangesOn the otherhand at 7.48dB rad’/Hz, the multiple updates/symbdielpsquite a bit.
Thereis a cross-oer point for which onemethodworks betterthanthe other Thisis illustratedin Fig. 11,
for a phasenoiselevel of -1.55dB rad?/Hz. As canbe seenbelon approximately7 dB, a single phaseupdate
persymbolworksbetter Above 7 dB, four updategpersymbolworksbetter Thus,thereis someamountof PLL
optimization,beyondoptimizingtheloop bandwidthB,_, which canyield improvedresults.We expectthatwhen
the phasetrackingis optimized,the joint recever-decodermperformancecurve will have the sameslopeasthe

baselingperformancesurve with no phaseerror
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7 Conclusions

Thisreportpresenteévmethodto jointly estimatgohaseanddatafrom aconvolutionally codedBP SKsignalwith
randomphasenoiseandAWGN. Thejoint recever-decodeisuccessfullydecodesully suppressedarriersignals
in harshphasenoiseervironments.A completedescriptionwasgiven of the softwareimplementationincluding
the generatiorof statisticallyaccuratgphasenoisesamples.

Numericalresultsweregivenfor the NASA standard7,1/2) corvolutional codeandfrequengy flicker dom-
inatedphasenoise. Simulationsindicatedthat for phasenoiselevels of -10.58,-1.55and7.48dB rad/Hz ata 1
Hz offset—all threeareharshphasenoiseervironments—adatarateof 40bps,anda BER of 0.01,thatthejoint
recever decodersaves 3 to 4.25dB of power over a nonjointapproach.This is so despiteoperatingon a fully
suppressedarriersignal,insteadof the residualsignal (with optimal modindex) usedin the comparisonsvith
thenonjointreceverdecoder

It shouldbe emphasizedhatthe nonjointrecever we compareto in this reportdoesnot usesidebandiata-
aiding. Gainspossiblefrom sidebandlata-aidingvould reducethe reportedgainsof thejoint recever-decoder

Futurework shouldinclude a properstudy of the optimizationof the phasetracking. This includesdevel-
opmentof bettertrackingloops, the effect of single vs. multiple phaseupdatesper symbol, and methodsto
combatphaseestimateerrorsthat resultfrom burst decodingerrors. Also, thereis asyet no analyticdevelop-
mentof performancdoundswhichwould bevery helpfulin generatingjuick performancesstimatesThejoint
recever-decoderpresentecherecan also be extendedto QPSK and OQPSKsignalling, and to joint symbol-

synchronizationphase-trackinganddecoding.
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Appendix A
Relationship of S(f) to L(f)

Oscillatorphasenoisecharacteristicarealsocommonlyspecifiedby L( f), which is definedastheratio of
the phasenoisepower in a sidebandf bandwidthl Hz to the total signalpower, at anoffsetof f Hz from the
carrierfrequeng. Thenormalizedphasenoisepower L(f) is relatedto S f) in thefollowing way [HSR73]. let

s(t) beaphase-noisgignalof theform

S(t) = Aexplj (6(t) + @(t))]; (24)

wheref(t) is the phaseof anoscillator(plusanglemodulation,if ary) andwhereq(t) is the phasevariationdue
to phasenoise.The“small anglecondition” holdsatfrequeng f if the phasdluctuationsoccurringatratesf Hz

or fasteraresmallcomparedo oneradian,i.e.
/fw S(f)df' << 1 rac. (25)
If this conditionholds,thensing(t) ~ @(t) andcosg(t) ~ 1, andwe mayrewrite Eq.(24) as
s(t) = Ae’®V) . (cosg(t) + jsing(t)) ~ Ae’® (1+ jo(t)) = Ael®Y + Ag(t)e!CV+TV2), (26)

Thefirst termis the signalwith no phasenoisepresentandits power is A2. The secondermis the phasenoise

contrikution, andits averagepower in a1 Hz bandwidthcenteredat frequeng f is

/ff+%A2 (@)df ~ @, 27)

_1
2

assumingSy( f) doesnot vary muchwithin the integrationregion. The factorof 1/2 is introducedin Eq. (27)
becausesy(f) is aone-sidedoower spectraldensity Thus,theratio of the noisepower in the 1 Hz sidebando

thesignalpower, in decibelsjs approximatelyfKin96, HSR73]

2
L(f) =~ 10log;q (%) = 10log;q (@) . (28)

Therearea coupleof areasof confusionregardingthis formulation. First, the units of L(f) areusuallygiven
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as“dBc/Hz”, which indicatesthe numberof decibelsthe phasenoisepower is belov the carrierpower. This
is somavhat of a misnomerbecausefor example,a suppressed-carrienodulatedsignalmight have very little

power atthecarrierfrequeny. It is thedecibelsbelon thetotal signalpowerthatL( f) measuresiotthedecibels
below the carrierpower [HSR73]. Secondthe small angleconditiondoesnot alwayshold, particularlyfor the
high phasenoisecaseshis reportconsidersThe approximatiorin Eq. (28) is notvalid in thosecases.

For thesereasonsthis reportdoesnotreferto L( f) explicitly; instead phasenoiseis givenby theright hand
sideof Eq. (28) andspecifyingthetype of phasenoise,e.g.,frequeng flicker dominatedhasenoiseof theform
1/ 3. Theunitsof 10log,y(S(f)/2) aredB rad/Hz. Whenthe smallangleconditionholds, this is the sameas
specifyingthe phasenoisein dBc/HzandusingL(f).
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Appendix B

Computer generationof phasenoise

B.1 The basicidea

The basicideaof the simulationis to put asequencef i.i.d. Gaussiamandomdeviatesthrougha finite impulse
responsgFIR) filter, therebychangingthe white PSD into the desiredPSD. It is easierto first describethis
processn continuoudime, andthendescribenow thisis approximatedn discrete-time.

In continuous-timearandomprocessX(t) with one-sidegpower spectraldensitySxx (f) = No is theinputto
alinearfilter with transferfunctionH (). TheoutputY (t) hasPSDSyy(f) = [H(f)|?Sxx(f) = [H(f)|?No, and
thusary H(f) thatsatisfiegH (f)|2 = Syesred () /No Will resultin Y (t) having thedesiredspectrumIn particular
H(f) maybechoserreal,whichgivesH(f) = 4/ S#%e:(f)' Theimpulseresponsés givenby theinverseFourier

h(t) = /_Z,/S*S&Iie(;mezﬂiftdf. (29)

Thediscreteimpulseresponsés a sampledversionof the continuousversion,hy = h(ty), wheret, = kA are

transforn

the samplingtimesandA = 1/F; is the samplingintenval. The relationshipbetweenhy andHp is given by the

discreteFouriertransform(or fastFouriertransform(FFT)), definedby

1 N-1

he £ 5 ZOHne_znjk”/N, (30)
n=
A hy P jkn/N
Ho 25 he?™kN, (31)
A

Onecandemonstrat¢see[Ham98b])thatAH, ~ H(f,) forn= —N/2,... ,N/2, where f, = n/(NA), provided
that (1) h(t) ~ 0 outsideof (0,(N — 1)A), and(2) H(f) ~ O for all | f| > Fs/2. FurthermoreH, is periodicwith
periodN. Ratherthanlettingn vary between—N/2 andN/2, it is customarywhenusingthe FFT to vary n from
0to N — 1. In thisway, hy andH, have the samesetof indices,0,... ,N — 1. In thefrequeng domain,the zero

frequenyg correspondso n = 0, positive frequenciesorrespondo 1 < n < N/2 — 1 andnegative frequencies

lysuallytheinverseFouriertransformis definedash(t) = [, H(f)e? ftdf, which differsfrom Eq. (29) by the negative signin the
exponent.Thisis asmalldifference however, andthislesscommondefinitionis usedin somestandardeferencese.g.,[Pro95PVTF92].
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correspondo N/2 < n < N- 1. ThevalueN/2 correspondso bothFs/2 and—Fs/2.

B.2 The FFT sizeand the samplerate

TheproperFFT sizeN to useis thatwhichis suficient to obtainthedynamicrangein the PSDat the output. For

phasenoiseof theform S(f) = ¢/ f%, theminimumFFT sizeis givenby
N = 2. 10A~B)/(100),

whereA andB arethe desiredupperandlower dBc/Hz at which the simulationto is desiredto operate. The
sampleratemustbe at leasttwice ashigh asthefrequeng for whichthe PSDis B dBc/Hz.

As anexample,supposeve wantto generate frequeng-flicker dominatedphasenoisewith —20dBc/Hzat
a1 Hz offset,andwe wantthe simulationto beaccuratewithin theentiredynamicrangefrom 0dBc/Hzdown to -
100dBc/Hz.ThisimpliesL(1) = 10l0g,;4(S(1)/2) = —20,0r (1) = 0.02andS( f) = 0.02/ f3. Thefrequeny for
which 10log;o(S(f)/2) = —100is f = 10°/3 = 464Hz. By the Nyquistcriterion, thesimulationshouldproduce
outputsat a samplerateat leasttwice thatfrequeng, or 928 Hz. At the otherextreme,10log,o(S(f)/2) =0is
satisfiedwhen f = (0.02)1/3 = 0.27 Hz. Therefore the FFT shouldhave atleast1/0.27frequeng binsperHz,
or roughly928/0.27= 3420binsoverall. FFT'swork muchfasterwhentheir sizeis a power of two, soavalueof

4096couldbeused.

B.3 The FIR coefficients

An initialization routineis usedto definetheimpulseresponsanFIR filter, usingthefollowing method.Begin-
ning with the continuous-timeransferfunction H (f) = \/Syesired () /No, the approximationH, = (1/A)H( f,)
is usedto initialize the discrete-timdransferfunction. Then,for eachodd n we multiply H, by -1. This does
not affect the PSDof the filter output,because¢he PSDis a function of the magnitudeof the transferfunction;
however, it hasthe beneficialeffect of shifting the largestFIR coeficientsof theimpulseresponsdowardsthe
middle (k = N/2) andaway from thetails (k = 0 andk = N — 1) [Ham98b]. The FIR coeficientsarecomputed
from H,, by takingtheinverseFFT, asdefinedin Eqg. (31).

The methoddoesnot guaranteghatthe impulseresponsdendsto zeroat the tails. If the tails do not tend
to zero,the generatedampleswill tendto not have the desiredPSD. To combatthis problem,we subtractoff

the DC partof the impulseresponsei.e., subtracthy from every impulsecoeficient hg, ... ,hy_1. The FFT of
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thismodifiedimpulseresponséasthesameH;, ... ,Hy_1 asbefore,andonly thezero-frequeng Hg is different.
Thisis areasonablenodification;from thediscussionn Sectionl we know Hg cannotconformto thefrequenyg
flicker type noisebecausét would have to beinfinite to do so. Thus,by assigninghe zerofrequeng response
Ho exactly right, onecanguaranteghathy goesto zeroat thetails. Without knowing a priori whatthis value of
Ho is, we canassignanarbitraryvalueto Ho, take the inverseFFT, andsubtractoff the DC parthg from all the

coeficientshg,... ,hy_1.

B.4 The Gaussianrandom inputs

Gaussiarandomdeviatesmay be generatedrom a uniform deviate generatoby usingthe Box-Muller method
[PVTF92]. Namely if x; andx, areindepender&nduniformly distributedon (0, 1), theny; = v/—2Inx; cog 21xy)

andy, = v/—2Inx; sin(2rxy) arei.i.d. zeromean,unit variancenormaldeviates.
B.5 TheFIR output

B.5.1 W.ith acorvolution

A sequencef i.i.d. Gaussiamandomdeviatesis generate@ndusedasinputto thefilter. Theith filter outputis

determinecy a cornvolution:

N—-1
Yk= Y hnXcn. (32)
n;] n n

Thefirst N filter outputsarethrown out (y1,...,yn), to give time for a full input sequencéo feedinto the FIR.
After initialization, this methodrequiresN multipliesandN — 1 additionsperoutputsamplej.e.,acomputational

compleity of O(N) peroutputsample.

B.5.2 With an FFT and the overlap-add method

For largefilter lengthsaconvolution canbetime consuming For example eachpointonthe performanceurves
in this reportwasbasedon the simulationof 80 million phasenoisesamples.(The 10 million informationbits
resultsin 20 million codedbits, eachof which was sampledup to four times.) A more efficient methodthan
directconvolution is to multiply the discretéfilter transferfunctionHy, by the FFT of thefirst N filter inputs,and
thentake theinverseFFT. Appropriatezero-paddings necessarjor thisto work properly andthebeginningand

endingoutputsmustbe thrown out. Thiswill generatéN /2 datapoints.
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Table3: Secondsieededo generatl O million FIR outputsona 333MHzPentiumll, for variousFIR lengthsN.

N Requiredtime, FFT Requiredime, convolution Speed-up

64 33.0 137 4.2
256 34.4 515 15.0
1024 59.1 1076 18.2
4096 65.7 4253 64.7
16384 102 179502 176

One disadantageof this method,however, is thatit doesnot allow for simulationsof arbitrary lengths,
becausehereis a practicallimit to the sizeof anFFT thatcanbe performed.This problemmay be overcomeby
usinga smallerFFT sizeandstitchingtogethemultiple datasetsin the appropriatewvay. Thisis known asthe
“overlap-add’methodof generatindilter outputs.It is describedn moredetailin [OS89,p. 558]and[PVTF92].
To quotefrom [PVTF92],

If yourdatasetis solong thatyou do notwantto fit it into memoryall atonce,thenyou mustbreak
it upinto sectionsandconvolve eachsectionseparatelyNow, howvever, thetreatmenbf endeffects
is a bit different. You have to worry not only aboutspuriouswrap-aroundeffects, but alsoabout
thefactthatthe endsof eachsectionof datashouldhave beeninfluencedby dataatthe nearbyends
of theimmediatelyprecedingandfollowing sectionsof data,but werenot soinfluencedsinceonly

onesectionof datais in the machineat a time... [One solutionis the overlap-addmethod.] Here
you dont overlaptheinput data.Eachsectionof datais disjoint from the othersandis usedexactly
once.However, you carefully zero-padt atbothendssothatthereis no wrap-aroundambiguityin

the outputcorvolution or decowolution. Now you overlapandaddthesesectionsof output. Thus,
an output point nearthe end of one sectionwill have the responseadue to the input points at the
beginning of the next sectionof dataproperlyaddedin to it, andlikewise for an outputpoint near

the beginning of a section,mutatis mutandis.

Whencomputedwith FFT's, the computationatompleity of the FIR outputis dominatedoy the FFT cal-
culations which take O(NlogN) time. Thus,for eachpoint, only O(logN) time is neededa substantiabavings
over the O(N) requiredfor convolution computations.Table 3 indicatesthe time savings in secondsbasedon

computersimulations.
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